B; = constant defined by Equation (9), cm.”!
B, = constant defined by Equation (10), cm.™?
Ca = concentration of solute in capillary
Cao = concentration of solute in capillary at z = 0
C: = concentration of solute in surroundings
L = capillary length, cm.
LD’ LDP
} = phenomenological coefficients, cm./(sec.)(atm)
Lp, Lpp
P = hydrostatic pressure inside capillary, atm
P* = dimensionless pressure defined by Equation (13)
P, = hydrostatic pressure inside capillary at z = 0
P, = hydrostatic pressure in the surroundings
Q* = dimensionless axial flow rate, Qw/Qwo
Qw = volumetric flow rate of solvent in capillary, cm.3/
sec.
Qwo = volumetric flow rate of solvent in capillary at z
=0
R = gas law constant
R, = inside radius of capillary, cm.
R, = outside radius of capillary
Rin = log mean radius of capillary,
(Rz —_ Rl)/ln(Rg/Rl)
T = absolute temperature, °K
z = axial distance, cm.
z®* = dimensionless axial distance Bjz
o = constant, (2xR;nLpA;)%, cm.~1
p = viscosity of solvent, poise
¢1 = dimensionless parameter defined by Equation

(12a)

¢, = dimensionless parameter defined by Equation
(12b)

pw = density of solvent (in dilute solutions density of
solution), g/cm.®
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Volume-Area Relationship in Capillarity

If liquid which is in contact with a solid is increased in
volume by the amount 8V, the change in the surface area
of the liquid-vapor interface 8A and also in the liquid-solid
interface 8a is given by the equation

H8V = 38A — cos #da (1)

Melrose pointed out the mathematical nature of this equa-
tion for any surface of minimum area at a given volume
and proposed the problem of deriving it from mathemati-
cal rather than from physical principles (Melrose, 19686).

For the radially symmetric configuration shown in Fig-
ure 1, the areas and volume are given by

z
A= fzo F dx where F =2y(l+4y?}% (2)

a=2 f p(1+ p2)% dx + 2 f q(1 + q2)% dx

(8)
V= J:de where G =y? — p? for =x=¢
G =y for co=Ex=¢y
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G=y?—q* for c;=x=x

where the factor = has been deleted for simplicity. If y is
a fixed function, then A and V are constants, but if the
function y is considered to vary, then A are V are func-
tionals. The differential of a functional is called a varia-
tion. Thus 8A, 8V, and 8a are variations in A, V and a,
corresponding to a small change from y(x) to y(x) +
h(x) where, in addition, y represents a surface of least
area corresponding to a fixed volume. Equation (1) can
be derived from the calculus of variations.

The variation in area of the liquid-vapor interface hav-
ing end points which are constrained to lie on p(x) and
g(x) is (Gelfand, Fomin, 1963)

"z d
3A = (Fu———Fu,>hdx
dx

zo
+[F + (¢ — ¢ ) Fylo=ud24
—[F + (p' — ¢ ) Fylo=zedxo (5)
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Fig. 1. Liquid in contact with solid.
.
where the subscripts y and y’ represent partial differentia-
tion with respect to y and y’. From the equations

[F+ (¢ — ¢)Fylo=nd = 29(1 + y'q’)
(1+ y’z)_l/3|x=x18xl (6)

[F+ (p — y)Fyla=zod¥ = 2p(1 + y'p’)
(1 42) ~#lomagdte  (7)

da = 2q(1 + g"%)%sx; — 2p(1 + p'%) %adx, (8)
cosd = (1 +yq) [(1+¢g2)(1+ y”z)];/;1 (9)

cosd = (1+y'p) [(L+p3)(1+ y’2)];__j/;0 (10)
it can be seen that

[F + (q, - y’)Fy']x=9:18x1 - [F + (P' e y’)Fu’]x=x08x0
=cosdda (11)
and therefore Equation (5) reduces to

£ d
A = fx« (F”—_J;F“'>h dx + cos 6 da (12)

Equations (6) and (7) are derived by substituting for F,
differentiating, and noting that y = p at xo and y = q at
x1. Equation (8) results from the formula for the variation
8a, which is analogous to Equation (5). Eguations (9)
and (10) are derived by noting that the normal to the lig-
uid surface at x; is

n=(y(x), - 1) (13)
while the normal to the solid surface at x; is

N= (¢'(x), — 1) (14)
and that the scalar product of n and N is

n'N=|n| |N| cosé (15)

The variation in volume 8V is given by the formula anal-
ogous to Equation (5) except that since G is a function
only of y, 3V does not contain terms in Gy..

8V = f Gy h dx + G(x1) 8x1 — G(x0) 8x0 (16)

Furthermore, since y(x0) = p(x0) and y(x1) = q(x1),
then G(x) = G(x;) = 0, thus

8V = f G, h dx (17)

Since y is a surface of minimum area A subject to the
constraint of constant volume V, F and G satisfy Euler’s
equation (Gelfand, Fomin, 1963)

d
(F+1G)y = — (F +1G)y = 0 (18)

where ) is a Lagrangian mutltiplier. Therefore
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1 ( d )
G = — — F = F
v =\ v (19)
When G, is substituted into Equation (17), the variation
in volume satisfies

x;
MWV = j;: (F,,—%-F,,. )hdx (20)

Combining Equations (12) and (20) yields
— MV =8A — cos 4 8a (21)

The derivation of Equation (1) is completed by show-
ing that
A= —H (22)

Equation (22) results from Equation (18) and the equa-
tions
Gy =2y (23)

d
—&-Fy' _F!I: —'2Hy (24)

Equation (24) follows from

_gx_ Fy —Fy=2(yy” — 1 —y?) (1 + y2)-%2 (25)
by noting that the right-hand side is —2Hy. Equation
(25) results from substituting for F from Equation (2) and
differentiating.

Nonsymmetric configurations can be treated similarly
by using the corresponding parametric variational equa-
tions in higher dimensions (Gelfand, Fomin, 1963).

NOTATION

A = area of liquid-vapor interface

a = area of liquid-solid interface

Co, ¢ = rightmost and leftmost positions of solid surfaces

F  =2y(14y?)*

G =y—pior nn=x<c
y? for cp=x=¢
y* — g% for ¢; <x =2,

H = mean curvature of liquid-vapor inteiface

h = arbitrary function representing a small increment
iny

N = normal to solid surface

n = normal to liquid-vapor interface

p, ¢ = functions which when revolved about x axis de-
scribe the solid surfaces

\% = volume of liquid phase

X = abscissa

xp, x1 = points of contact of meniscus with solid surfaces

y = ordinate

) = change in a quantity, variation, differential of a
functional

] = contact angle

A = Lagrangian multiplier

Subscripts and Superscripts

y, y’ = partial differentiation with respect to y and y’
’ (prime) = d/dx
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